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Strongly interacting one-dimensional fermions form an effective spin chain in the absence of an external
lattice potential. We show that the exchange coefficients of such a chain may be locally tuned by properly
tailoring the transversal confinement. In particular, in the vicinity of a confinement-induced resonance (CIR)
the exchange coefficients may have simultaneously opposite ferromagnetic and antiferromagnetic characters at
different locations along the trap axis. Moreover, the local exchanges may be engineered to induce avoided
crossings between spin states at the CIR, and hence a ramp across the resonance may be employed to create
different spin states and to induce spin dynamics in the chain. We show that such unusual spin chains have
already been realized in the experiment of Murmann et al. [Phys. Rev. Lett. 115, 215301 (2015)].
I. INTRODUCTION
Ultracold atoms are particularly well suited to study
strongly interacting one-dimensional (1D) Tonks-Girardeau
gases due to the high degree of control and tunability of
these systems [1–4]. This motivated the generalization of
the single-component Tonks-Girardeau gas [5] to multicom-
ponent systems [6–8] and the development of a perturbation
theory for the strongly-interacting regime [9], which is also
applicable to attractive interactions [10]. Moreover, it was
found that strongly interacting multicomponent systems form
tunable spin chains [11], which allow for the simulation of
quantum magnetism in the absence of a lattice [11–21]. Such
spin chains were recently realized experimentally [22–25].
In this paper, we show that the exchange coefficients of
these spin chains may be locally tuned by varying the strength
of the transversal confinement along the weak axis of the
quasi-1D trap. In particular, in the vicinity of a confinement-
induced resonance (CIR) it is possible to engineer spin chains
with simultaneously ferromagnetic (FM) and antiferromag-
netic (AFM) exchange coefficients. This local control of the
spin chain opens interesting possibilities for the preparation of
few-body spin states, and for the controlled study of spin dy-
namics in the effective chain. Interestingly, we show that such
unusual spin chains have been already experimentally realized
in Ref. [22]. In particular, we demonstrate that the inhomoge-
neous transversal confinement resulted in spatially inhomoge-
neous spin exchanges that explain up to now unclear features
observed in those experiments in the vicinity of the CIR.
The structure of the paper is as follows. Section II briefly
discusses the experiments of Ref. [22]. Section III introduces
the spin-chain model, whereas Sec. IV is devoted to the out-
coupling theory. Section V discusses the spatially varying
interaction strength at the focus of the Gaussian laser beam
that creates the quasi-1D trap. The explanation of the anoma-
lous outcoupling results observed at the CIR in Ref. [22] is
discussed in Sec. VI. In Sec. VII we illustrate with a simple
example the engineering of spin chains using the transversal
confinement. Finally, Sec. VIII summarizes our conclusions.
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FIG. 1: Tunneling probability of the spin-down atom for a spin chain
consisting of two spin-up and one spin-down atom with antiferro-
magnetic (AFM) spin order as a function of the inverse interaction
strength at the trap minimum,−1/g(zmin). ω and l are the frequency
and length scale of the harmonic oscillator.
II. TUNNELING EXPERIMENTS
The experiments in Ref. [22] studied the spatial spin distri-
bution of quasi-1D two-component fermions {↑, ↓} consider-
ing different few-body admixtures with an exquisite control of
the number of atoms N↑ and N↓ in each component. We fo-
cus below for simplicity and for its experimental relevance, on
the particular case of N↑ = 2 and N↓ = 1, but similar argu-
ments may be employed for other cases. In Ref. [22] an AFM
spin order was realized in a quasi-1D trap by first preparing
the noninteracting ground state in which the atoms occupied
the lowest trap levels according to the Pauli exclusion princi-
ple. Subsequently, the effective 1D interaction strength g was
ramped by means of a magnetic-field Feshbach resonance up
to a large final value in the strongly interacting regime around
the CIR. The spatial spin distribution in the trap was studied
by means of a tunneling technique: The trap was tilted such
that the rightmost atom could tunnel out (Fig. 2), and the spin
of the outcoupled atom was measured. The probability for a
spin down was measured as a function of 1/g and related to
the spin distribution in the trap.
The spin-down probability of the outcoupled atom pre-
sented a marked peak at the CIR (Fig. 1) whose origin re-
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FIG. 2: (Top) Atom chain with energy Ei before tunneling of the
rightmost atom. Vertical lines mark the position z = 0, the position
of maximum overlap between the first and second atom, the mean
position of the second atom, and the position of maximum overlap
between the second and third atom (from left to right). (Bottom)
Atom chain after tunneling of the rightmost atom. The two atoms,
which stay in the trap, have energy Ef . The tunneling atom has en-
ergy Ei,f = Ei − Ef . The atom tunnels with the energy-dependent
probability P (Ei,f ) through the barrier. zR is the Rayleigh length.
mained unclear. We show in Sec. V that the focused Gaussian
beam that generates the quasi-1D trap induces an inhomoge-
neous transversal confinement along the trap axis [26], that in
turn results in a spatially inhomogeneous interaction strength
g. As discussed below, the latter has a strong influence on the
spin configurations of the spin chain in the immediate vicinity
of a CIR that explain the observed peak in Ref. [22].
III. EFFECTIVE SPIN CHAIN
The physics of quasi-1D multicomponent atoms in the
strongly interacting regime may be well understood by means
of an effective spin-chain model. Indeed, in the strongly in-
teracting regime (in the vicinity of a CIR), the atoms order in
a row. The atomic density is then that of spinless fermions,
whereas the spin degree of freedom is governed by spin ex-
changes as those of a spin chain, but in the absence of any
external lattice potential [11]. In the case of spin- 12 fermions
considered here, the effective spin-chain Hamiltonian is given
by a Heisenberg model,
H =
[
E
(N)
F −
1
2
N−1∑
i=1
Ji
]
1 +
1
2
N−1∑
i=1
Ji ~σ
(i) · ~σ(i+1), (1)
where ~σ is the Pauli vector and E(N)F is the energy of N spin-
less noninteracting fermions in the 1D trap V (z). The ex-
change coefficients Ji depend on the position within the spin
chain and are given by [9, 11]
Ji =
N !~4
m2
∫
dz
Ci(z)
g(z)
, (2)
with
Ci(zi+1) =
∫
dz1· · · dzidzi+2· · · dzN δ(zi − zi+1)
×θ(z1, . . . , zN )
∣∣∣∣∂ψF∂zi
∣∣∣∣2. (3)
Here, θ(z1, . . . , zN ) = 1 if z1 < · · · < zN , and zero other-
wise, and ψF is the ground-state wave function of N spinless
noninteracting fermions in the 1D trapping potential V (z). In
a good approximation, the exchange coefficients are also pro-
portional to the local density cubed and to the local inverse
interaction strength, Ji ∝ n3/g [11, 16].
For the particular case of N↑ = 2 and N↓ = 1, the eigen-
states in a symmetric trap (J1 = J2) are [22] an AFM state,
|AFM〉 = 1√
6
(
| ↑, ↑, ↓〉 − 2| ↑, ↓, ↑〉+ | ↓, ↑, ↑〉
)
, (4)
an intermediate (IM) state,
|IM〉 = 1√
2
(
| ↑, ↑, ↓〉 − | ↓, ↑, ↑〉
)
, (5)
and an FM state,
|FM〉 = 1√
3
(
| ↑, ↑, ↓〉+ | ↑, ↓, ↑〉+ | ↓, ↑, ↑〉
)
, (6)
where the spin states, e.g., | ↑, ↑, ↓〉, denote the spatial distri-
bution from left to right of the three spins.
In the {|AFM〉, |IM〉, |FM〉} basis, the spin Hamilto-
nian (1) takes the form
H = E
(3)
F 1 +
− 32 (J1 + J2)
√
3
2 (J1 − J2) 0√
3
2 (J1 − J2) − 12 (J1 + J2) 0
0 0 0
. (7)
An imbalance of J1 and J2 therefore couples the states
|AFM〉 and |IM〉 of the symmetric trap. The resulting states
of the imbalanced system (J1 6= J2) are thus given by
|AFM′〉 = cos ϕ
2
|AFM〉 − sin ϕ
2
|IM〉, (8)
|IM′〉 = cos ϕ
2
|IM〉+ sin ϕ
2
|AFM〉, (9)
and |FM′〉 = |FM〉 with
ϕ = arctan
(√
3
J1 − J2
J1 + J2
)
. (10)
In the experiment [22], the system was prepared in the AFM
state of the tilted trap, |AFM′〉.
3IV. OUTCOUPLING
The results of tunneling experiments as those described in
Sec. II may be well understood from the spatial spin distri-
bution. In the regime of nearly infinite repulsion between the
atoms, only the rightmost atom of the spin chain can tunnel
through the barrier of the tilted trap, since the order of the
particles is fixed (see Fig. 2). The probability of spin-down
tunneling is therefore the probability of the rightmost spin of
the |AFM′〉 state to be ↓,
P↓ ≈ |〈↑, ↑, ↓ |AFM′〉|2 =
(
cos
ϕ
2
1√
6
− sin ϕ
2
1√
2
)2
. (11)
This simple formula is a good approximation for P↓ if
|~ωl/g| . 0.1 (ω and l are the frequency and length scale
of the harmonic oscillator).
Outside this regime, P↓ depends also on the energies of the
triplet and singlet states, E(2)F and E
(2)
F − 2J1, in which the
remaining two spins are after the tunneling process, since the
probability that the rightmost atom tunnels through the bar-
rier depends on the energy differences, EAFM′ − E(2)F and
EAFM′ −
(
E
(2)
F − 2J1
)
, which are transferred to the tun-
neling atom. More precisely, if the tunneling atom has spin
down, the final state of the system is |f1〉 = | ↑, ↑〉 ⊗ | ↓〉,
while if the tunneling atom has spin up, the remain-
ing two atoms are either in the triplet or singlet state,
i.e., the final states are |f2〉 = 1√2 (| ↑, ↓〉+ | ↓, ↑〉)⊗ | ↑〉 or
|f3〉 = 1√2 (| ↑, ↓〉 − | ↓, ↑〉)⊗ | ↑〉. The rate of a transition
between the initial state |i〉 = |AFM′〉 to one of the final states
|f〉 is proportional to the squared spin overlap |〈i|f〉|2 and to
the probability P (Ei,f ) = Ei,fe−2γ(Ei,f ) that an atom with
energy Ei,f tunnels out of the tilted trap,
Ti,f ∝ |〈i|f〉|2Ei,fe−2γ(Ei,f ), (12)
with Ei,f = Ei − Ef and
γ(Ei,f ) =
1
~
∫ z2
z1
dz
√
2m
[
V (z)− Ei,f
]
, (13)
where z1 and z2 are the intersection points of Ei,f with the
barrier. The probability of spin-down tunneling is now
P↓ =
Ti,f1
Ti,f1 + Ti,f2 + Ti,f3
. (14)
For a positive J1, tunneling into the singlet state |f3〉 is ener-
getically favored, and therefore P↓ ≈ 0 for −~ωl/g . −0.1,
while for a negative J1, tunneling into the two triplet states
|f1〉 and |f2〉 is energetically favored, and therefore P↓ ≈ 2/3
for −~ωl/g & 0.3, since |〈i|f1〉|2 = 2|〈i|f2〉|2.
V. POSITION-DEPENDENT INTERACTION STRENGTH
The quasi-1D optical dipole trap is created at the focus of
a single far red-detuned Gaussian laser beam. The intensity
distribution of the laser beam is given by [27–29]
I ∝ e
−2ρ2/w2(z)
w2(z)
, (15)
with w(z) = w0
√
1 + (z/zR)2, with zR = piw20/λ the
Rayleigh length. In the experiments of Ref. [22], the min-
imal beam waist is w0 = 1.838µm and the wavelength is
λ = 1064 nm. The potential experienced by the atoms is pro-
portional to this intensity distribution and given by
V = − pV0
1 + (z/zR)
2 exp
[
− 2ρ
2
w20
(
1 + (z/zR)
2)
]
, (16)
where p is the trap depth, and V0 is the initial depth of the
optical potential (p ≈ 0.7 − 1.4 and V0/kB ' 3.326 µK in
Ref. [22]). A Taylor expansion of the Gaussian yields
V = pV0
[
− 1
1 + (z/zR)
2 +
2ρ2
w20
(
1 + (z/zR)
2)2
]
. (17)
The first term generates the axial potential and the second
term generates a radial harmonic confinement, which becomes
weaker with increasing (z/zR)
2. Therefore, we obtain a
position-dependent transverse trap frequency [26],
ω⊥(z) = ω∗⊥
√
p
1 + (z/zR)
2 , (18)
where ω∗⊥ =
√
4V0/(mw20) is the transverse trap frequency
for p = 1 and z = 0. Accordingly, the transverse oscillator
length becomes position dependent,
l⊥(z) = l∗⊥
√
1 + (z/zR)
2
p1/4
, (19)
with l∗⊥ =
√
~/(mω∗⊥). Additionally, in the experiment
of Ref. [22], a linear magnetic-field gradient was applied
along the z axis, Vmag = −µmB′z, to allow for the tun-
neling of atoms out of the trap. Here, µm is the magnetic
moment of the atoms and B′ is the strength of the gradient
(B′ ' 18.92 G/cm in Ref. [22]).
In a quasi-1D trap with a strong homogeneous transversal
harmonic confinement of frequency ω⊥, the strength of the
contact interaction g is given by [30]
2~ω⊥l⊥/g = l⊥/a3D − C (20)
with the bare three-dimensional (3D) scattering length a3D
and C ' 1.0326 . . . . Since ω⊥(z) and l⊥(z) vary slowly on
the length scale of the axial trap, we may insert (18) and (19)
into Eq. (20) to obtain a position-dependent inverse interac-
tion strength,
~ω∗⊥l∗⊥
g(z)
=
√
1 + (z/zR)
2
2p1/4
 l∗⊥
√
1 + (z/zR)
2
p1/4a3D
− C
. (21)
This position dependence is particularly important in the
vicinity of the CIR, since 1/g(z) may then have a zero cross-
ing within the trap. As shown below, this explains ultimately
the unclear features observed in the tunneling experiments of
Ref. [22].
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FIG. 3: Inverse interaction strength 1/g as a function of the position
in the trap z for different B-field strengths around the CIR. The solid
line is for B = 786.6G, the dashed lines are for B < 786.6G, and
the dotted lines are forB > 786.6G. The thin vertical lines mark the
same positions as in Fig. 2 (top). ω and l are the oscillator frequency
and length and zR is the Rayleigh length.
VI. ANOMALOUS TUNNELING AT THE CIR
The anomalous behavior of the outcoupling probability P↓
at the CIR (Fig. 1) results from the strong variation of the ratio
J1/J2 in the vicinity of the CIR, which determines the orien-
tation of the rightmost spin of the spin chain [see Eqs. (10)
and (11)]. As discussed in Sec. V, the weakening of the radial
harmonic confinement with increasing axial distance from the
focus of the optical trap |z/zR| leads to a spatial dependence
of the inverse effective 1D interaction strength 1/g given by
Eq. (21). Moreover, the center of the tilted trap is displaced
from the focus of the laser beam, i.e., zmin > 0 (see Fig. 2).
As a result, 1/g is smaller between the first and second atom
than between the second and third atom (see the thick curves
in Fig. 3 at the position of the vertical dotted-dashed and
dotted-dotted-dashed lines).
This is particularly relevant in the vicinity of the CIR
(thick black curves in Fig. 3). The dashed black curve
(B ≈ 786.6 G− 1.5 G) has a zero crossing between the first
and second atom, which results in the exchange coefficients
J1 = 0 and J2 > 0; the solid black curve (B ≈ 786.6 G)
has a zero crossing at the mean position of the second atom,
which results in J1 = −J2 < 0; finally, the dotted black curve
(B ≈ 786.6 G + 1.5 G) has a zero crossing between the sec-
ond and third atom, resulting in J1 < 0 and J2 = 0. There-
fore, a small change of the magnetic field around the CIR by
only ∆B ≈ 3 G leads to a strong variation of J1/J2.
This strong change of the ratio J1/J2 around the CIR
causes an avoided crossing between the AFM and IM state.
Figure 4 shows the energies of these states as a function of
the inverse interaction strength at the trap center,−1/g(zmin).
The avoided crossing is located at −~ωl/g(zmin) ≈ 0.0035
and features a very small splitting, ∆E ≈ 0.02 ~ω. In the
following, we discuss a nonadiabatic sweep across the CIR.
The ramp starts with the AFM state at the open triangle in
Fig. 4 (J1 ' J2 > 0). Here, the admixture of the IM state
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FIG. 4: Energies of the antiferromagnetic (AFM) and intermedi-
ate (IM) state as a function of the inverse interaction strength at the
trap center −1/g(zmin). The vertical solid lines mark the special
cases J1 = 0, J1 = −J2 < 0, and J2 = 0 (from left to right). The
symbols refer to particular states, explained in the text. ω and l are
the frequency and length scale of the harmonic oscillator.
is small, i.e., ϕ ' 0, and the probability that the rightmost
spin points downwards is P↓ ' 16.7% [see Eq. (11)]. By in-
creasing −1/g(zmin), the AFM state evolves into the state
with the energy marked by the open square (J1 = 0, J2 > 0).
This state is given by |↑〉 1√
2
(|↑, ↓〉 − |↓, ↑〉), i.e., the second
and third spins form a singlet. The probability that the right-
most spin points downwards is hence P↓ = 50%. Then, the
AFM state evolves into the state with the energy marked by
the open circle (J1 = −J2 < 0). The eigenstate is now given
by 1√
2
(|AFM〉+ |IM〉) and P↓ =
(
1√
12
+ 12
)2
≈ 62%. The
nonadiabatic sweep brings the system into the excited state,
with the energy marked by the solid circle. This state is given
by 1√
2
(|AFM〉 − |IM〉), with P↓ =
(
1√
12
− 12
)2
≈ 4%. By
further increasing −1/g(zmin), the AFM state evolves into
the state with the energy at the solid square (J1 < 0, J2 = 0),
which is given by 1√
2
(|↑, ↓〉 − |↓, ↑〉)|↑〉, i.e., the singlet is on
the left side and P↓ = 0%. Finally, we end up in the AFM
state at the solid triangle (J1 ' J2 < 0), where again ϕ ' 0
and P↓ ' 16.7% as in the beginning. This discussion clearly
shows that a nonadiabatic sweep across the CIR results in the
anomalous peak of P↓ observed in Ref. [22].
We have performed a time-dependent simulation of the ex-
periment, where the system of two spin-up and one spin-down
atoms was initially prepared in the noninteracting ground state
at a trap depth of p = 0.83 and a magnetic field ofB = 523 G.
Then, the magnetic field was ramped up linearly with a ramp
speed of 20 G/ms [28] to the final magnetic-field values of
B = 726 G− 1202 G around the CIR. The ramp was initially
adiabatic, since 1/ω ' 0.2 ms, but close to the CIR it was
nonadiabatic, since 1/(0.02ω) ' 10 ms. Immediately after
the B-field ramp, the trap depth was linearly lowered to a fi-
nal value of p ≈ 0.7− 0.76 within 4 ms to start the tunneling
process. The spilling process lasted 25− 200 ms. The simu-
lation shows that the final state |AFM(t)〉 after the ramps is
not an eigenstate of the time-independent final Hamiltonian.
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(dashed line) spin- 1
2
fermions with ferromagnetic (FM) exchange co-
efficients (Ji < 0) in the center and antiferromagnetic (AFM) ex-
change coefficients (Ji > 0) at the edges of the spin chain. An ad-
ditional small linear magnetic-field gradient separates the spin com-
ponents in the FM phase, but not in the AFM phase. l is the length
scale of the harmonic oscillator.
The squared spin overlaps |〈AFM(t)|f〉|2 therefore oscillate
around their time averages, since the ramps induce spin dy-
namics in the spin chain. We therefore choose these time av-
erages and the energy of the nonstationary state to calculate
the probability of spin-down tunneling. The result of the cal-
culation is shown in Fig. 1. It shows that the improved spin-
chain and tunneling model, which includes the z dependence
of 1/g, describes the experiment very well, recovering in par-
ticular the anomalous outcoupling peak at the CIR.
VII. SPIN CHAINS WITH FM AND AFM EXCHANGES
The result of the previous section shows that the transversal
confinement may be employed, especially at a CIR, to engi-
neer spatially inhomogeneous spin exchanges in the effective
spin chain formed by the strongly interacting spin- 12 fermions.
We further illustrate the control of the spin-exchange coef-
ficients by briefly discussing the engineering of a chain that
possesses at the same time FM and AFM exchanges. Inspired
by Eq. (21), we choose a position-dependent inverse interac-
tion strength,
~ωl
g(z)
=
√
1 + α
(
z − z0
l
)2 β
√
1 + α
(
z − z0
l
)2
− 1
, (22)
with dimensionless parameters α, β, and z0/l. Here, α =
(l/zR)
2  1, β ∝ l∗⊥/a3D(B) ≈ 1 can be tuned by tuning
the magnetic field, and z0/l is the displacement of the har-
monic trap from the focus of the laser beam. Another parame-
ter in front of the right-hand side of the above equation, which
affects the energy scale, was set to one.
By choosing α = 0.02, β = 0.98, and z0 = 0, we obtain a
spin chain with FM exchange (Ji < 0) in the center and AFM
exchange (Ji > 0) at the edges. The local FM or AFM char-
acter may be visualized using a weak linear magnetic-field
gradient. The ground-state spin densities [31] are shown in
Fig. 5. In the FM region, the spin-up and -down components
are separated by the magnetic-field gradient, whereas the sys-
tem exhibits alternating up-down order at the edges of the spin
chain, as expected for the AFM region.
VIII. SUMMARY AND OUTLOOK
We have shown that the exchange coefficients of strongly
interacting atoms in a quasi-1D trap may be tuned by vary-
ing the transversal confinement along the weak trap axis. This
effect is particularly relevant in the immediate vicinity of a
CIR. We have shown that such an inhomogeneity explains
the anomalous outcoupling results observed in Ref. [22]. We
stress that, although we have illustrated the effect for a partic-
ularly simple but experimentally relevant model, similar rea-
sonings may be employed to systems with more atoms and
more spin components. Moreover, whereas we have con-
sidered the case of a single Gaussian laser beam, more in-
volved transversal confinements may be engineered, including
the possibility of changing the transversal confinement in real
time. The tunability of the transversal confinement of quasi-
1D traps may be hence employed to engineer spin chains with
nearly arbitrary (ferro- and antiferromagnetic) exchange co-
efficients, to prepare other spin states from the antiferromag-
netic one using similar avoided crossings as those discussed
in this paper, and to initiate and control spin dynamics.
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